& 10 Chain Rule
In sinale variable calculus , we hhave

Theorem lo.1 (hain Rule in Slv\ale Variakble Caleuus)
Let A ResR and let x.ech .

Su";?use -Hhat f-‘B—ﬂR and j: A-TR are fnnceong sudh -that

b SCA)S‘B (Smmv‘rte.e. foaza—-k = ».sel\-defimd)

2) g is errzwhable at z.e A
3) -} s 4ﬁwthable at 3(1.){3

then the comFosﬂ:e_ f\md‘.ion (‘f 03) :A->TR defined Ba (f** j)bt) =f(3(1)) s d‘ﬁereﬁﬁalo\e at x,
and Lfo%)'(w =-f 'Cﬂc:.n -3’(1.) .

Ructhervoe . Suppose “hat both f:B—ﬂR and 3=A—»'IR are di-ﬁerewtzaue
Then , (-foj)=P\—>TR is also dﬁerewt‘\ab(e_.

lf we let u:ﬁ(x) and ‘a’f“‘"' then xa=-f(3<=m s a —fmchw\ sf =% and

drhe hain rle can be v'ePhased as ﬁ—‘d;&=3—‘&:—:

Exavale lo.t

Let f:B-(o,co) -R de-fined b\a_ -f(-;odn-x. Land let S:Pn(o,'lt.)—ﬂk deflv\ed bla_ %w-sinx.
Note -that %(Ps):(o, 11<B , so jﬂg:(o,m—»'k is wd\-deﬁned ,whidh s ‘feg(th(%(z)hln(sinx).

Also , rf xeA: (o) , 9 s d?ﬁenaﬁbable at x and f i dﬁermﬁa‘ole at guhsin-x .So
(-fo%)’(x) = -f '(g(x)) %'c:o = (siv'\x) cosx zcot %




Theorem l1o.2. (Chain Rule)

Let Ak, BRe® and let Zeh .

Swﬂ:oese -Hhat f:B»Rm and ﬁ:A—vTRh are fmcélovs sudn -that
b} %(A)S'B

» g s cl-ﬁermeaue at Teh , ie. DRGE) € My R 1 ueu-deg:md
D § o cl':ﬁerewﬁable at gEdeR , le. bﬂ(?.)eMkm(R) = ueu-defmd

then the CwaPosf‘:& f\mc&.'lon (‘_‘f ° %) AR define.d 58 (53%)& =f(3(i)) is d‘ﬁexeﬂﬁo&\e akt I,
and "D(-fvﬁ)t'm =D§(3@U) 'Dﬁﬁ.) € Muen (R .

® ® =
B
S
3 3 )
z. %(i‘.) -foam

;—fcgem

Remark - I-% Nnekm:1 ,then FLw:AeR
Defegqoet ‘[“T“é)'“"] € M, (B
D) = [§igeun] e M. ®
_Dia’) : [gewle M (®

’D(—fvﬂ)d;\ = 'Df(gua) 'D3a.) = Ec-fg?'u.s] . E—f?%u.»]-[%'u.ﬂ

= [f’ua@.» %’(m] € My (R
whidh 15 the chaoin rle W s'm%le varidde caleulus .




(3 wvtte

3 ] |
—e) — )

Smegy .. Dm
= &) e (‘1)_ i
'D(-Yeg) D) € My ®

é((a"...(&“) . é((a"...(&“) ém‘....'uk)

&

a = (MIINI.' luk)
u:):Lﬁ&huj(x.x,.,---,i.\)
k;

-§or \'):I.l,-u,

g Sy 7
AJ;_(%&» ce ﬁ(ﬁ&))

3 3o
S - - i(ga»_

b? (%Gt\) € Mpc®

é(x.,"',

PO REED T YN TR - { <, PR )
in S?v\%\e variable caladus . )

%:(\a,,\a,_,---,(a,,\) .
%" %;(d)a \a‘(u.,u,.,---
'Tw i=l.>,--

‘f we wrrke %d‘au\a;.---.(a.\) LA W, ) and o (X )
where. R:g&) and %:f(m--fc%a)),

“ren URERUUIC S SRR -gor- J=|.>.-'-,k; ta;ua;(v\.,u\;.---,up 'Tur' i= L2, m,

Uy e |
=y a_z“(i)

S
3n m_

For lsism,lsjsn ,%;:;;(i)= é%(ﬁﬁm'%(ﬂ

. So it looks like

F\n’l‘)f\emore,SnTFose hat  both f:‘B—ﬂR’" and 3:&—»112‘ are diﬁwb\alale.

“Then (‘fe%):A—vk“ s dlﬁerzwb‘d:‘e..

1

SN

So ta'. = gau.,x;.---,x.o = la-‘<u.(x..=t..,°--.xb A K ), A, K X )

The dhrain rule s

=)
s

.34
dw

* uk)

d

ik



P Idea : Let ZjLW,_) = 3@-«-"7\1) - 36!.) - 'ba(?.) s

if‘v“a’ . -fu-é,-o-ﬁa) --f(%.) - 'Df(rg.) . Ra

wheve lim 12l . o and  lwm | )l . o .
V‘x"s Rl “va"s lﬁ,al

= B~ %,-ﬂfia\

' a&-ﬂ:“ @ .
%(a‘.-vR,) ca@)

3@0 f(aht.))

Rt e and R} 3(?.+R)-3@.> - bjms T+ E508 we have

afd:.,é) s f(’%,-l-ﬁa) -fg - D) T
= f(jﬁt.s + <«3<i+17\,0- ge )) -—f(?)em - DT(SH.» : (bjez.» T+ E4030)

» $ Q) - i - [Dfegen - Dyl T - Dfegen - 240

L it A e R e s

E_Eoﬂ(v.\x) linear ‘brams-fov-vv\ation on_ Thn .

|€gqtho |
5 »1,:3., m:‘ o hen  Defeq@ = Dfge) - Daeta



Examrle 0.2
Let §: K->k defined by feg =Ly and YRR defined by Ve = (). 1)) = ¢ A
Then -fo‘(:R—ﬂR.

Nete Y is a cuve n R, Z‘F
te. given teR , Yb): (). )) gives a point i K. ,\T\
Then , the point Yo is Inputted wrto -f and a

Z:f(x,ca)
real Number fo}’e&) eR 1 o-xqwttl:aa\ ) -fel’(-b)

—_
>

Ye)

Question : As t c‘/\anges , how does fo\’(-h) dnan%e 2
Yee)

We write z:-f(x,xa) . then 26 =-§(X<b)=‘f(xka,catb) .

So %Z;E\s-ﬁnemtecfcb\av\%ecfzurﬂavw-tb't.

Note. *Df eM (R) , DY e M R and 'Dcfo*() e M, (R).

dx |
DRNen-[ L —2723=[11ua L1 . DY = jE .
2 |
|
'Dl-fef)('t)=[§-_7é]-[lwa <1 =I:ma+>.£+,3=tlv€'1

xt

\/eﬁf\cahom z=f(\’@)=f(t,—€)=(+,)‘<t5=-t‘* ond so ﬂ%:%’.

Fnad v difficute 2 _l'na s

Tree. cha%mm :

% X ﬂ% +
% P %ﬁ_‘ +
ST




Exam?le 0.3

Let §:R—® defined by w=Forged« Bexyrye and
%-.IR—»RS defined by qe0) =G, 4, 200) = 6D
Nete 'Df M3, Dg e My ® and 'Dcfog) e M, (R) .

'Dcfoea)c-a . 'Df(%&» Dayee)
Tree Qlu%rnm :
dx

T &2
* e+

e T B
w 24 % *
g = Qa4 1) (1) + (x2) (k) (€359) N
éﬁ x+ua \ X+2) +(133 %
Z % +

A A AR

= (et I + 4+ I + EHGE)

= 55 430+ 2t

Exaw?le (O.4
Lt he Gy, s XS A) ad la=ia($,‘€) be. dﬁerewttable —fumcﬂwxs.

‘nna-efore_ (SA) (x(s,-t),tats:(:)) = LX), Y5 )

‘ﬂi’—» ® —TR Trze.d-a%mm
Then I dx
! s ot

%
% - _é"\ _BZ. -+ Tab‘ .é&

Exercise. (0.1

Let u:f-).ué-l-ltas where  x:S'lnt  and ‘3’13-9'
Fid 24 and 2o

Ans : % = oSt - 4s8)Os Int) + (S It + 24 S5 0L)

2 - vt - 4sHE) + 57l + 24 6sE)




BtamF\e_ 0.5

Let u-u(x,c.a,z) , A=Al %s.a(s,-u and z:=2(€) be dkﬁerewttable -func't\ovxs.

M D M 2
e
3w 3% . S Tree i .,
%ﬁag""q%‘é ree. cagrm
du D S O du oz
%“s;?’é*qs‘%*%z?
S 3 s
Or 33 ot
> 3 >
[2a 3o o] [ 2 S| 2 21 (220 s
| or  os w
oz =z o=z
dr s ot <
:
3 D% . S 32 du dx . du 3 dx . S da . du 2
IS s e e s;ﬁ*"ag%? Tia_t"'?a'ﬁ_*'ﬁ?t] 2 +

lwrFlicH: b“ﬁw‘ex“ﬁaﬁm
B«:\w?le_ 0.6

Let € be the cirde defined by o= ro . Fird de

’Dﬁe\‘e’tﬁc&e bsth sides wrﬂ'\rsfed:-b:x:

'J:L-t-ma%f_- = o «— k)lma can ™t be done

-3

Let Fb'.,(as=xz+v§-( . Then the crcle € s Jv\st degMed b\a F(x,ta)ao

3wﬂ>cse. “+that (x..xa.) (%in% on T such that QYo ¥ O

(x.,«ag)

\\ (a =heo

”C.n'Bf-(x.,ta.B

I-f >0 is sﬁc-enbl‘a swall . "C.n'Br(zo,xa.,) is_ a swall Fieae cs? arc cf “re circle €,
which 15 the %ra?h cf Some. -fuwction a_sh(x) and g{i— means  heo .




b 3evxe,m(, Suppese that
(D) F(x,a) s dﬁzﬂaﬂb&b\i;

2) F(x..'a.ho ;
3) there exists r>o such that {(:L,«a): F(x,.aho'i N Beltonyd can be regarded as 6nz‘>h cf a

dﬁwﬁabh -f\mct‘xor\ 9* heo |
S

Then , F(x,‘a) =0 S
™

OF dx . oF
E&*"%di:O (Chain Rule) E

. oF oF
- { +-%;$.L =0 % -
SUCERIEE -SINPE SIS s

= O
A=Xe

o (Lo / %u..-a.u) .

l'f %(ﬂ.,g&%o . then %l

Remark : |mFlicrt fuv\cﬁon -dheorem :

g—;(’k.'a.)¥o Af and in(a 1? condrtion (3 holds .

(Discuss |laber 1)




& 1l More on Grdient
Qredient  and  Directional Derivatives
Proposttion (1.1t
Let DR be an open subset . lek %eD and let £ DR,
f is cltﬁemwhab\e at %, ,then the directional derivative exists a‘ev% ang
nonzero vecksr ¥ and we. |lhave V;rfﬁ‘.) vfem -

P—wf:

'f s dﬁerewﬁlaue at R = there exists T e® such taat im Pt - fea+ T W) _ o

T3 Al
Cin -fact C- V'f&)

b ?arbcu\ar “4nke MW, where 0=

(M Fethd) - Fed + 2 - I _
Wl

i TG - (FED + R - 1WS)
hoo nl

= \,l\'.'," ) -G e e - W)
o W

fi FEAD TR 0, se Tofes T -0 Tpem .
Exam?\e (R

Let -f-(x,‘a)- EDN and Vo) e®.

Then 0=l=4—l-(\.>.) and -T = d‘rﬁe:ewtlab\e on B ,V—f(x.ua):(«-&,x).
va@) V‘f&) W-%s'x-\-:.‘gta CC‘anqre wrth exawple 8.4 )

Geometxical Hea.v\iv% °§ Grodient

z

2 z:f('x,ua)a-f‘-ug Question : lf we  move awma -from %, “dren

“dre value c? f c\r\anae

However, which direction  shall we g0

+o  increase / decreose -f wmost m‘ﬁdl«a 2
>‘3 Since. V—q‘f(ib s the vate o? c‘.lr\onjz cf 5

\(__/-' at X alv:m% V. our %Mesﬂcm s e%uivdewt

to wmaximize { minimize Vv‘fﬁ:) avnonj all_pessible

direction ¥ .




Let DK be an open subset . let %eD and let §DoR.
Suppese that § 13 differentiable % 1§ Ve® and ®:1 . ie §:T , Hthen L §e « TR -
Ivﬁml-lvfem V|

e | M-Tllcos B, where O is the angle between VP and ¥

- e

. Nfu:a\ CoRle 10

-lvgm)lsv\ffmslvf(ml

Furthermore , e%w:lrea of o holds rf ond only rf B:0 or T, ie. v//v-fcz) i
Therefbm, 1-? £ changes  most mP‘dlé \f we  move a(owa -the direction of et e -Sfet

Exaw\P\e .2

Let -fc-x,%) =+ .a‘. Then , V“f(“"g’ = QX u).
.. For aw.a i-—('x..,ca.) , Vf(f,\ =3 .

A= z,f(;,la) = -:f-na"
>|3 >
=
-f c.hanaes most mPidla rf we.  move alows
* the direction of o) o -wfot)
Remark:
2z

z:‘f('x,ta) g ldea: ff we start f"”’" L. and move Q(emj
“he curve Ve such that Yor-Z and

/ Yo = V'f(‘(tb\) . ie. alwmas moves G(eng

“the %\"Qd\evfb direction.

"3 Ele.v\'tw:ll.a,we arrive extreme Po!v\'& u? -f !

‘/v/\’et) (Gradient 'f(ow . Msef'\l in dFﬁM'\r\ha'tiov\)



Gradient and Level Set

Let D<K be an open suoset , let ZeD and let $ DR be o Smosth Runction.

Seppese that Lot - {2eD . f@D1ct and VD #8 For all pomts el (S L) 13 a
Swosth-0-dimersional manifold n K ) ad el ie. fRec .

et YV:ice ) oD be a dﬁere/vﬁa!o\e curve such that Y lies on Lctf) ,
Yo -7 and Yoy is nonzers. Then YX(oy la a vectoe *am%ewt to Lt at .
Futhermore , Since ¥ lies on Lcef) . we have 'f(Y&&)\:C —Tov- al te(-g.,2).

Then , adgft\feo\ s DFX) - Y 2 0 (Chain Rele) .

vf(sc,)

In 'Fav-bcu\av-, 'tht “+=o ,we have

TR o - Yo = TP - Xior= 0.

W ,V-f(‘t.) s ov-tb\a%ev\n( “+o eveny

vecﬁbr-tav\%ewt'to Lc.('f) at T,

LCC-S‘% e R
@ -0-dim

and Vg@) %ives a_normal cf Lc('f) at =,

A dCd
For every, 'Feiw'c e Lccf) . we. draw
R, then we will see this : Lechpr e ®
»-0-dim
Example 113 V) = Q. 24y)
Let § R-R defined by Forip e Prgf-t
Lok = {(x,aasek‘ s Cagot =0l which is ~dhe e Lo

unrk circle certtered at the OH%W\

vf@ =( é&), %’%&s )= (11,1»29







g Tq;a\ev"s Theorem
Tala\or's '.Pelv.awawﬁa‘ ‘?e\'- Twe variables
Let De® be an open sek , and ek £: D—->R be o ion _suclh daat ial
P ) ot pacta
derivatives cf all _order exist . le. J_sz'aak‘ exists fw ama FosH:Jve 1 k wrta
'\V\’csa%ers k.ki>0 and kaki=k.
Let @:taLapeD.
p ldea: Can we aﬂwoximarbe. f(x,v.a) around 3. b\a, a ‘Fol‘ahow\ial "P..(-x,\aS os de.gv-ee. "
such et -fand"Pn ogree wp 4o n-th oder ab &, ie.
ﬁ—\é{‘(a. Q) = ﬁﬁ-k‘(a. Q) -far ktki=k . osksen

Let "P.\cx,tav = Copo

+ Cio (x-a) +Co,, (‘a'aa.)

+ Cyo (’I.-Q.)z-t- T (i-a‘)(va-ag + C.,,~.,(La-cxg:x + e

n-|
+C. o (-x-a.)“ + Cp ., &X-a) Lta-a;) % ok Co an-a;)“

k., k.

= ﬂ 25 x-a,) -a,)

k=0 kak,:k Ck‘ o L\a o

Deterwine b S

- Ba,.ay) = f(a.,a;) > Coyo = f(a.,a._)

cLaar s Faaw s coFaa g—;*ca.,ao . %fgca. 2> > Ca =—§%ca.,a,>
iﬁ‘m 3f _'?_

A > A Q) = éf(a' I T T Cao = (G- NN
%E“(a. ay) = —Bf:(a. a) = Coa= L-,_—:g:(c\. -N)

5:2“3 (a,.an *= 'gif(a. ) = Ci= j}%(a.,a,)
o geeeral, o g - Hk‘!—aé;}m o vt kskike.

'Deflnrtiov\ 2.1

Let D be an spen sbset n B, let @:(a,.a)eD.
and let f:’b R be a -fw\c:biov\ such that Po.r-bial devivertives
cffex\st mF'hen-'Hr\ order at &. Then,

n

* k k,
-P.,\('x,ta Z h.+k,,_= ( i o0 _é_%qal ,ag) &-an (ta-az)

s sad to be -the ‘rma\w ‘Fb\la\newﬁa‘ of de%vee n %ev\en:ted bta fbua) at &.




‘V\ Fc«'(‘lcudar , 2= 'P. (1..163 = f(a.,a,) + (é (a..a,_)) (x-a )+ (g%(a...a;)) (tg-a-..)

ives -the ext.  plane at &a.
3 “angent. plane of§
Also . 'Pl(vt,\a) is exﬂcﬁ\a_ “Uhe linearization c‘? 'ﬁ at A=ca,q) .

(see. e:«mrle_ q3)

z=R&y) z= f(x"a)

(ai aa, f(a. ay)

"P . ca) f(a 0 +(-§; a,. a.,,) (X—G.J-l- -g‘%(a.‘ a,) ‘3 a,)

( = -s%(a\,a,_)) (x-a) + (ﬁ‘% (a,.a) )(x— 4= Qx) + (%-%‘%,_(o.,.a,)) (l.a- ay

E.“KQW\‘F\Q 121

Let fouy - oty

Le"c FP,\(‘L.Ia) ‘oe -HAe _rana\or 'Fo\\avwwﬁa\ cf dG.%Y'e.Q. n %ev\erdted xbta f(x,la) ctl', (o,0) .
. f(o,o) = 1

. % = )Je’e:“a => %(o.o) =0 -g% = e‘fﬁa = %(@.0) =1

-é (a+43 )e. ﬁi (0,0) =2 = 112‘:8“3 = -ﬁgg (0,0) =0 %,= e.-’a:Ha => %,_(o.o) =\

xég
3 3 3
. iif ((11.-\-8;:')2.{*% > %%(o.o) =0 _3f_= (‘:.-l-'-|--:?)e-’tﬂ'a = —af—(o,o) = O
x 37!3'3\3 31-"6‘6
3 3 3
_bf_= (‘:.+'-\wx’)e£“a > —af—(o.o) =2 %f-.,- fﬁa > %i,(o.o) =\
31-313" 3%3\3‘ ) 3

-P.(x,ta) = 'E(o,o) = |
'P(x,ua)= f(o.0)+§-(o o)x-eéf-(o o)ta = l-Ha_
Y
-P(x ka) = f(o,o)-t-ﬁf_(o o)x-t-—g%(o o) ce-t-—_?& 0.O)% + -%E(o.o)xla-e%é‘a-‘(o,o) xa"
= (+‘3*"'*Ji‘3

.Ps(‘*"y = f(o.o)-\-%(o,o)x-t- g‘%(o,o) (a-(- -é 0.0 + (o o)aué %-%x%,_(o o) ‘3
3
+—‘€-§_\(o,o) z}-(-—‘—J—(o o)z'. —f—(o o)xLa+_.Si(° °)‘&

= l+xa+£'-\--‘it§+7&a+—'bt§




O = s gxat = 0, <l
= =0
=2
) x4t x4 = 206, <)
[+ N=0
X > 5
) € =l+x+—;ﬁ-+ S =:§°% , x€R
3 " 1 = Vs
PO g AR AP IR, . = e
4) Sinx =% Xt +C1) oot V\Z;o DT x€R
4 oo NN
5) COSZ=I-%+%----+(-D“%+--- =“§5'—&3‘—!, x€R
_ i SR u b AU B fhleot -
6) lv\(|+x)-x-3+3 +0 e -':2_:':-(—‘)“4&. l<x < |

E.xaw\?\e 12,1 CCownik.)

K3
i S (7:?+¢3) + éT‘(x‘-H.a)z + —éT.(x;-na)s-q-

Lt Gley) + -{-(4‘#11%4-5) + —(‘,—(1"+3f-a_+3£‘xa"+u§) o

l+ta+£'-\--§_-‘§'+7&a+%:as+-..

'Plien.vé) higher order “terms
OR :
ek S R
= Qa0 L Ly
: (+=a+£-\--.§_-‘a"+£xa+%t§+
'(>",.(x,._a) higher ovder “enws
Exaw\vle 2.2

S'W\(e‘s-\-x-() = S'\V\((\-\-ca-\-—:l.—(a_‘-y—lgta?.‘.... )+x-()

n

Sin ( x+¢a+—'i\3"+-'gx3’+ e)

- (X+ta+—=|_—la."+—'€!a,3+---)—-é— (x‘-esx‘%-e 5&3‘-«-\3’-« S WY
= x+t3+-§t3"--tf--.§_-£‘sa-—,':w§ 4o
I
-Pg(x.v‘)) \r\‘\%\z\er ovrder terms

= Gergya bbb ) - L L Lds )3+ arxrpy by Lt



Exaw\\>le 2.3

ln((+x+ca) = ln ((+(x+c.a))

gl | Gagd
3

= (x4 «a) - =

= X4y - < H‘-u-).aué-& ‘3‘) +L3(13+3£\a+3m5+!33) + o
I
-P;(x,ta) \r\‘\%\/\er ovder terwms

In Pcnr'(:\cu»\ar- ,there is a very, caquct way 4o werke down 'P;(x,\a) which 1s very useful {erber !

We have

—Pl (u.,aa) B f(o.. O + (é (a, ,a,)) (x-a)=+ (%%(a. .a,)) (\3- a,)

( % (q.,a,,)) (x-a) +( (a, a,)) (x-a .)(&3— Q) + (L1 ) (o.. an) (‘3' a.)

2
=*-a, -é,(a“a,_) %E(q- Q) *-a,

f(a..ag + [%(a. a,) %(a. PRY + L [x-a, na-q,

ta-a; %—(ﬂ. .8y) a ,( Q) '3'0“‘
(' N %(Q' :a:.) = 'gg(qu lqﬂ.) )

- ) + Pf@ @-a) « L 22 He e
& 5

3

tgé-x_ bna‘

x-a, EF.
where T-3-: , vf@):[ﬁ_ 3‘8] , Hay- called  Hessian matrix.

Tayer's Theorem —fur Twe Varickles

Theorem (2.1 (Tq;alar's Theorem for Twe Variakles)

et D be an spen  Corvex set W KB, let @:(a.2,)eD
and et f:‘b-ﬂk be a C™ Ruction on D. Then,

f@) ‘f(x la)= e k+\=,_= (k.‘ 0 —E‘E—E(q,,a,)) (X-Q.) (ta-aa.') + R,.@& -Se\r' XeD

_Pv\(x.tg)

e
where R, &)= 70 (T:k_l s-i‘;fi:k“))(x ad (na-agk -fbr Some. T 4tB+U-BR  telo, ).

et = N+t



E\(QW\‘F{Q 2.4

Let -f-.R‘—»lk clefined by j@..«a) s Cos (s

The Ta«aler ‘Fo\awsmlq\ ef deavee 2 qenentted b\a § at Bito.or = 'P(xza) [ g =g
Therefore 2,010 can be approximated Béx Puoar. o= - LoaY -2(0idon - o3 = 092
However , how 3oad s -the approximation 2

“The absclute enoe

= (R, 0.01
3 N
3 3
= —'—iﬁ;—@(o.:.-o) -\-zula?i;a@(o:. oXo.l= e)-c--%—TaTg;‘a,CE)(o:. oXo.l-oY + .ﬁ—@)to.(-e) |
—'ﬁ;(t)(o:. oy |+|Z.“a—{'§3@)(oz oXo.t-0) |+ | l—'\gg%ct)(oz oxo.t-of |+l 3;(3)(0[ o> 1
s -}5 (o.).) + ﬁ(nco.n‘co.n-«- —g—_(l\-)(o.':.)(o.l)"-t t(S)(o.n! —fur Sowe.
=f-_-(g ~ 0.01066% T :to,0)+0-B)oa. o) telo,)

= (- (oa. o)

3 3
Exercise : Show that (@ ls 1, 'ai“i;a@"l' 13F (<4 ,(%’%causs

aza.a=

Taylor's Theorem

'Deflnrbiov\ 22

let D be an spen subset In R . (et B=(a,.0,..a0eD.
and let f:’b—ﬂR be. a -f\mc:bior\ sudh that 'Fav'bio.\ devivertives
c}z f exist up o n-th order ab A. Then.

N3 &5 k, ka K )

n
B.X) = GG-a)  Ham@y) - (n Q)

k=0 .*kf?«“- (k'k' km! &S

is said +to be -the ‘ra.alw 'Fo\\anow\'lal cf de.%vee n %ev\ercsted L\a f(i) at &.

Exercise (2.1

'Deﬁne. HE) € Mpenl®  such that  [HeE);: i B_-fé_xa,

Shew that Bt = @) + If@ @2-2) + L (2-2) HEd &)

x-Q

where 2= |I™ 0Py i ¥ ¥y

n-



—:ﬂaacxem_lm_CEaa&mds_’ﬂagomm)
—Mwmd_mi_wawb
and et ?;ZD_;R be a ™ @,ng:b'm on D . Then

n

L) - 2% yad ( ' i oy
J ko ketkurtkmek SRRkl
Pax)
i
where, R - 71 ( ‘ 3 2 .

ketkat - thmenet RiIFR Rt S axi SRREE -

&

—:%Lsm SotB+U-B)X +telo,)




